ABSTRACT. Let A; be a field, let JV be a normal subgroup of a finite group H and let M be a completely reducible fc[JV]-module. We give sufficient conditions for a finite dimensional (finite) group crossed product fc-algebra to be a Frobenius or symmetric fc-algebra. 
Introduction
and statements. Our notation and terminology are standard and tend to follow the conventions of [4, 6 and 8] . In particular, in this article, all rings have identities, all modules over a ring are right and unital, all vector spaces and algebras have finite dimension over the stipulated field and if n is a positive integer and V is a module, then nV denotes the module direct sum of n copies of V.
Throughout this article G denotes a finite group, 7? denotes a nonzero ring and U(R) denotes the multiplicative group of units of 7?.
The ring 7? is G-graded if 7? is a direct sum R = 0"€G Rg of additive subgroups Rg, one for each g E G, such that RgRh < Rgh for all g, h E G. In that case, the subgroup Ry corresponding to the identity 1g of G is a subring and contains the identity 1 of 7? (cf. [4, Proposition 1.4]) and Rg is an (Ry, Ry )-bimodule for all g E G. Also if RgRh = Rgh for all g,h E G, then 7? is said to be fully G-graded (this terminology conforms to [5, §1] and differs from [4] ). If 7? is also an algebra over the commutative ring cf and if Rg is an (^-submodule for all g EG, then R is called a G-graded <^-algebra. For the G-graded ring R ^ (0), if g E G and 0 / x E Rg, then we call g the degree of x and write deg(a;) = g. A unit u E U(R) is said to be graded if u E Rg for some g E G; in which case u_1 E Rg-y by [4, Lemma 5.1] . The set Gr U(R) = \JgeG(U(R)nRg) of graded units oi R is a subgroup oiU(R) and clearly deg: GrU(R) -► G is a group homomorphism with Ker(deg) = U(Ry). Thus we have a sequence of group homomorphisms:
(1.1) l^U(Ry)^GrU(R)^G^l where i denotes the canonic inclusion map and where the sequence is exact except possibly at G. Also conjugation in R defines a group action of Gr U(R) on Ry-. ry = u~*ryu for all ry E Ry and u € GrU(R), so that conjugation induces a homomorphism of the group Gri7(7?) into the automorphism group Aut(7?i) of the subring 7?! and a homomorphism of GrcV(7?) into Aut(Z(Ry)). By definition, the G-graded ring 7? = 0"eG Rg is called a G-crossed product if the sequence (1.1) is exact (or equivalently: if U(R) fl Rg ^ 0 for all g E G).
Assume that 7? is a G-crossed product, choose 0g E U(R) fl Rg for each g E G where 0y = 1/j and let ir: GrU(R) -► Aut(Z(7?i)) denote the group homomorphism induced by the conjugation action of GrU(R) on Z(Ry). Here we have: Rg = Ry0g = 0gRy, U(R) n Rg = U(Ry)0g = 0gU(Ry) and if r E Z(Ry) and u E U(Ry), then r^u^ = ru^ = rp« for all g E G. Thus U(Ry) < Ker(Tr) and the exact sequence (1.1) yields a group action of G on Z(Ry).
We now proceed directly to state our first two main results. As above, let 7? be a G-crossed product and assume that E is a G-invariant subfield of Z(Ry) such that dim£;(7?1) is finite so that 7?i is a finite dimensional -algebra. Let F = EG denote the G-fixed subfield of E and let tt* : G -> Aut(E) denote the group homomorphism induced by 7r and restriction to E. We conclude that E/F is a finite Galois extension and Gal(E/F) = ir*(G) by a Theorem of Artin (cf. [9, VIII, Theorem 1.8]). Clearly F = Z(R) C\E< Z(R) n Ry.
Let Tv" be a subfield of F = EG such that F/K is a finite field extension and let T = Trf: E -> F denote the F-linear trace map. Also let 0 ^ X E HomK(F,K).
Since E/F is a finite separable field extension, we have T(E) = F by [9, VIII, Theorem 5.2] and hence X(T(E)) = K. Moreover 7? is a G-crossed product finite dimensional Tf-algebra since K <F = Z(R) DE < Z(R) n Ry.
Fix tp E UomE(Ri,E) and define /: 7? -► K by if x = J2g£Gx9 € ^ f°r uni<lue elements xg E Rg for all g E G, set f(x) = \(T(<p(Xy))).
Clearly f ErIomK(R, K). LEMMA 1. Assume that Ker(<p) contains no nonzero right ideal of Ry (so that Ry is a Frobenius E-algebra by [8, VII, Exercise 53] ). Then (a) Ker(/) contains no nonzero right ideal of R and R is a Frobenius K-algebra; and (b) if <p(xyyy) = <p(yyxy) for all xy,yy E Ry and if <p(xy*) = <p(xy)n(-u) for all xy E Ry and all u E GrU(R), then f(xy) = f(yx) for all x,y E R and R is a symmetric K-algebra.
Note that Lemma 1(a) is already known for it is a special case of [10, Satz 6] . We shall utilize Lemma 1(b) to prove PROPOSITION 2. Let K be a field and let R = ©geG Rg be a finite dimensional G-crossed product K-algebra such that Ry is a semisimple K-algebra. Then R is a symmetric K-algebra. This proposition generalizes a well known result of Eilenberg and Nakayama (cf. [2, Proposition 9.8]). Our proof of this proposition uses the reduced trace (cf. [2, §7D] ).
Again let K denote an arbitrary field. Next we present an example due to E. C. Dade of a finite dimensional symmetric group-graded crossed product Tf-algebra with a 1-component that is not a symmetric Tf-algebra. polynomial TV-algebra where x = X + (X2). Also let R denote the TV-algebra of all 2x2 matrices over k [x] and let eij for 1 < i, j < 2 denote the usual matrix "units" of 7?. Thus xetj = eijX for all 1 < i,j < 2, x2 = 0 and R has TV-basis {e^, xeij\l < i,3 < 2}. Let G = (g) be a cyclic group of order 2 and set Ry = Keyy + Ke22 + Kxey2 + Kxe2l and Rg = Ke12 + Ke2y + Kxeyy + Kxe22. It is straightforward to verify that R is then a G-graded finite dimensional TV-algebra. Also (e2i +ei2) E Rg and (e2i + ei2)2 = en + e22 = Ir, so that 7? is a G-crossed product. Moreover 7? is a symmetric TV-algebra by [ 
in Mod(fc 
Theorem 4 is used in our proof of part (c) (ii) of our next main result which describes the complete indecomposable decomposition of MH and P(M)H in
Next we present three applications of Theorem 7. 
In §2, we present some preliminary results. These results are used in §3 to prove all of our main results.
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Preliminary
results.
For our first result in this section, let R be a ring, let J be a subset of R, let 7 be a right ideal of R, let X be an P-module and let X = 0sGS Ws be a direct sum P-module decomposition of X. We trivially have PROOF. Clearly it suffices to assume that V is a projective indecomposable P-module and then the desired conclusion follows from [8, VII, Theorem 11.6].
For the next result, let A, B be rings and let a: A -♦ B be a ring isomorphism. Let TV be a subfield of Z(A) such that A is a finite dimensional separable TV-algebra. Set L = K". Thus L is a subfield of Z(B), B is a finite dimensional separable Lalgebra and dimji(A) = dimr,(B). LEMMA 2.4. Let (f be a commutative ring and let R = 0"e(3 Rg be a Gcrossed product (f-algebra. Also let {e^ |1 < i < n} be a set of G-fixed orthogonal idempotents of Z(Ry) such that 1 = ^i=ie«-(Clearly ei E Z(R) fl Pi for all 1 < i < n). Choose 0g E U(R) n Rg for all g EG. Then R = 0"=1(etP) is a direct sum decomposition of R into ideals e^P where each eiR is a G-crossed product cf-algebra such that for all 1 < i < n:
(a) ei is the identity of eiR;
(b) (eiR)g = eiRg for all g E G; (c) ei0g E U(eiR) C ((e,P)9) for all g EG; and in Mod(P/7). However P/7 is a fully G-graded ring with (R/I)y -Ry/J(Ry) as rings and (MP)/(MP+1) is a G-graded P/7-module. Thus Lemma 2.5 and the fact that summands of projective modules are projective yield the desired conclusion. For the remainder of this section, let fc denote an arbitrary field, let 77 denote an arbitrary finite group and let N denote an arbitrary normal subgroup of 77.
For our next two results, let 7 be a subgroup of 77 with iV < 7 < 77. Let V be a fc [7] -module, so that we have the short exact sequence 0) in Mod(fc [7] ) where i denotes the canonic inclusion map and n denotes the canonic epimorphism.
As above, (2.3) yields the short exact sequence (rg(0gsg-.0g-,) ))) = Y X(T (tp(0gSg-10g-1rg) TV-algebra for all 1 < i < n. Let 1 = J27=i e* where e; E Bi = eiRy for all 1 <i < n.
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Then J? = {eAl < i < n} is the set of primitive central idempotents of Pi and GrU(R), acting by conjugation, permutes J?'. Clearly U(Ry) = 0™=1 U(Bi) is contained in the kernel of this action. Thus we may view G as permuting J2". Next let y = \Sj=y^j be the G-orbit decomposition of Jr. Set fj = £e.eJr. e, for all 1 < 3 < t. Then {fj\l < k < r} is a set of G-fixed orthogonal idempotents of Z(Ry) such that 1 = Y?j=y fj-Since a finite direct sum of symmetric TV-algebras is a symmetric TV-algebra, Lemma 2.4 implies that it suffices to assume that G acts transitively on J^.
Set e = ey, f = 1 -e, B = By = eRy, E = Z(B) and 77 = StabG(e). Clearly E is a field, TV = Ke = eTV C E, Rh = ®heH Rh is an 77-crossed product f(xu) = f(x) for all x E B and all u E Gr U(eRH).
Let {xy = 1, x2,..., x"} be a choice of right coset representatives of T7 in G, so that G = (jHxi. Also set 0i = 0Xi for all 1 < i < n and choose the notation so that Bf' = Bi for all 1 < i < n. Clearly a%: By -> P* defined by: on(b) = 0~1b0i lor all b E B = By is a TV-algebra isomorphism for all 1 < i < n.
Define tp: Ry = 0"=1 Bi -> TV by: if y = £"=1 yi E Ry for unique elements yi E Bi for all 1 < i < n, set tp(y) = J™=y f(0iVi0~1)-Clearly tp E EomK(Ry,K), <p(xy) = tp(yx) for all x,y E Ry and Ker(<p) contains no nonzero right ideal of Pi.
Fix u E Gr U(R), 1 < j < n and z E Bj. Clearly there is a unique 1 < fc < n such that P" = u~10~1By0Ju = Bk and hence 0jU = ^0k for a unique 7 E U(R) n Rh and for a unique h E 77. Thus tp(zu) = tp(u~lzu) = f(0ku-1zu0-1) = f(l-103z0-11). 
for all hE H. Since
as 
